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§1 Introduction. In [L-Y], Peter Li and S.-T. Yau developed the fundamental gradient 
estimate, which is now widely called the Li-Yau estimate, for any positive solution u{x,t) 
of the heat equation on a Riemannian manifold M"^ and showed how the classical Harnack 
inequality can be derived from their gradient estimate. When M™' is complete and of 
nonnegative Ricci curvature, the Li-Yau estimate is sharp. Later in [H2], Richard Hamilton 
extended the Li-Yau estimate to the full matrix version of the Hessian estimate of u under 
the stronger assumptions that M is Ricci parallel and of nonnegative sectional curvature. 
In this paper, we consider positive solutions to the heat equation 

(1.1) M(x,t) = 0 

on a complete Kahler manifold of complex dimension m with Kahler metric g = {gap). 
Our main result is the following complex analogue of Hamilton’s Hessian estimate for any 
positive solution u to (1.1): 

Theorem 1.1. Let he a complete Kahler manifold of complex dimension m with 
nonnegative holomorphic bisectional curvature, and u{x,t) be a positive solution of (1.1). 
Then, for any vector field V = (U*^) of type (1,0) on M and t > 0, we have 

, , u 

(1.2) U^p -t- UaVp -t- UpVa + uVaVp -j- -9ap > 0. 

A similar result with error terms can be formulated for complete Kahler manifolds M 
with curvature bounded from below. Note that we have two advantages of being in the 
Kahler category here. Namely, not only we can replace the assumption of nonnegativity 

^Research partially supported by NSF grant DMS-0206847. 

^Research partially supported by NSF grant DMS-0203023. 


1 



2 


HUAI-DONG GAO AND LEI NI 


of the sectional curvature in Hamilton’s result by that of the holomorphic bisectional cur¬ 
vature, but also we can remove the assumption of the Ricci tensor being parallel which is 
a rather restrictive condition and is dehnitely needed in Hamilton’s work [H2]. Therefore, 
our Theorem 1.1 should be more applicable. 

If we choose the optimal V = —V'u/'u and take the trace in (1.2), we obtain the gradient 
estimate of Li-Yau in the Kahler case: 


(1,3) 


Vn-P m 

Ut -1- u > 0. 

u t 


We remark that the trace Li-Yau estimate (1.3) is not entirely a corollary of our Li- 
Yau-Hamilton matrix estimate (1.2) since their result can be obtained under the condition 
of nonnegative Ricci curvature, which is weaker than nonnegativity of the holomorphic 
bisectional curvature. However, the conclusion in our result is stronger and therefore the 
result is more powerful in applications. For example, as pointed out in [H2], the trace 
Li-Yau estimate (1.3) allows comparisons of the values of u between different points at dif¬ 
ferent times, while the matrix Li-Yau-Hamilton estimate (1.2) also allows the comparisons 
between different points at the same time. 

An immediate application of Theorem 1.1 is the following complex Hessian comparison 
theorem for the distance function on a complete Kahler manifolds of nonnegative holomor¬ 
phic bisectional curvature: 

Corollary 1.1. Let M be a complete Kahler manifold with nonnegative holomorphic bi¬ 
sectional curvature. Let r{x) be the distance function to a fixed point o & M. Then in the 
sense of currents, we have 


(1,4) 




In particular, when M is noncompact, Buseman functions with respect to geodesics are 
plurisubharmonic. 

Proof of Corollary 1.1. Applying Theorem 1.1 to the heat kernel H{x,y,t) with V = 
—VH/H, we have 

(log^)a^ + ^^a/3 >0- 

Now it is well known that H is positive and —t logiL — r‘^{x, y) as t > 0. The result then 
follows. 


Such a Hessian comparison theorem seems to be elusive from the literature even though 
Greene-Wu (cf [G-W]) have proved the plurisubharmonicity of the Buseman function on 
such manifolds. We should mention that Gorollary 1.1 was also proved by Jiaping Wang 
[W] using a different and more direct method earlier. 

Now we turn our attention to the trace and matrix estimates for the potential function 
of the Kahler-Ricci flow on a compact or complete noncompact Kahler manifold. In the 
study of the Kahler-Ricci flow 

d 


(1,5) 
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it is often useful to consider the time-dependent heat equation: 
(1.6) At'^u{x,t) = 0. 


Here denotes the Laplace operator with respect to the evolving metric t) at time 

t. For example, when M is compact and the hrst Chern class ci(M) = 0, the Kahler-Ricci 
flow was studied by the hrst author in [Cl]. In this case, (1.5) can be reduced to the 
following scalar complex Monge-Ampere how of the (unknonw) function (f{x,t): 


(1.7) 


di 


Lp{x, t) ^ log 


det(ff.^^(g;,t)) 

det(^^5(a:,0)) 


+ /(^), 


where t) — gapi^i 0) + Aa/ 3(^5 ^) — —R^p{x, 0). It is then easy to check that 

u — —(ft is a potential function of the evolving Ricci tensor R^ 0 {x,t), i.e., the complex 
Hessian u^p{x,t) — R^p{x,t), and satishes the heat equation (1.6). It is often useful to 
obtain gradient estimate for positive solutions of (1.6) in general, and in particular for the 
potential functions of the evolving Ricci tensor. It turns out that the trace estimate of Li- 
Yau always holds for the positive potential functions of the evolving Ricci tensor without 
any assumptions on the sign of curvature: 

Theorem 1.2. Let be a compact Kahler manifold with ci(M) = 0. Let ip and u he 
given as above, and assume u > 0. Then we have, for t > 0, 


( 1 . 8 ) 


Virp m 

Ut - 1 - u > 0 . 

u t 


A similar result also holds for the ci(M) > 0 case. See the statement of Theorem 2.1 in 
next section. 

If we assume that M is complete noncompact with nonnegative holomorphic bisectional 
curvature, then the matrix gradient estimate holds for the positive potential function u. 
(The compact case would not be of much interests since under the assumptions ci(M) = 0 
and M has nonnegative holomorphic bisectional curvature, M is in fact holomorphically 
isometric to a flat complex tori.) Namely, we have 

Theorem 1.3. Letg^^it), 0 <t <T, be a complete solution to the Kahler-Ricci flow (1.5) 
on a noncompact complex manifold M with nonnegative holomorphic bisectional curvature. 
Let u{x, f) he a positive potential function of the evolving Ricci tensor. Then u satisfies the 
matrix estimate (1.2). 

In fact, we prove a matrix gradient estimate for any positive solution u to the heat 
equation (1.6) coupled with the Kahler-Ricci flow (1.5), provided u is plurisubharmonic. 
See Theorem 3.1 in the last section. 
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§2 The Compact Case. 

Throughout this section, we assume that is compact so that one can apply the tensor 
maximum principle of Hamilton in [HI] without worrying about any growth assumption 
on the tensor. We shall first present the proof of Theorem 1.1 in the compact case, and 
then the proof of Theorem 1.2 as well as the analogous case of ci(M) > 0. The proof of 
Theorem 1.1 in the noncompact case will be given in Section 3. 

Proof of Theorem 1.1 (The compact case). As in [H2], it suffices to prove that for t > 0, 
the Hermitian symmetric (1,1) tensor 


( 2 . 1 ) 


■— '^a/3 + TdaP -^- 

L Lt 


> 0 . 


As always, we first apply the heat operator to the tensor N^p. From direct calculations 
(cf. Lemma 2.1 in [N-Tl]), we have 


( 2 , 2 ) 


/9 \ 1 

t ^ I ^a/3 ^apjS^Sp 2 




Using the fact that A = | (V^Vj + VgVs), we also obtain 
(2.3) 

i\ 1 . X 2 

~ + UasUsp) + ^3 


dt 


and 

(2.4) 


UnUf. 


UnUp\U 


1 


T i^Rcts'^s'^P T RsP'^Cl'^s) 


2 u 

1 


2 P T ^ps^c^^s T '^as^p^s ^ps^ct^s^ 7 


U 


di 


-A 


u 


u 


) ^2 hap- 


Combining (2.2)-(2.4), we have 


(2.5) 


A^ N^P ~ ^apjS^S^ 2 ^asRsp) + ^^as^^p 


1 / Ufy^Ug 

T ( '^as 

U \ U 


UsUp\ 1 

Ugp — j + -—R^p^gUsUj. 


u 


u 


Now according to the tensor maximum principle of Hamilton in [HI], to prove N^p > 0 
it suffices to show that the right hand side of (2.5) is nonegative when applied to any null 
vector of N^p. However, it is easy to check that in fact each term on the right hand side of 
(2.5) is nonnegative when evaluated at any null vector of N^p. Thus the proof of Theorem 
1.1 is proved in the case of M being compact. 
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Proof of Theorem 1.2. As in [L-Y], let v — log-u. Define G = t (|Vnp — Vt). It snffices to 
show that G < m. Direct calcnlations show that 


( 2 . 6 ) 


Atn -vt^ -|Vnp, 


(2.7) At|Vn|^ = \Va^\^ + \Va^\^ + {/^tV)aVa + 

and 

d 


( 2 . 8 ) 


dt 


|Vn| = + {vt)aVa + ^^.(nt)^. 


Here the first term on the right hand side of (2.8) is dne to the fact that we have a 
time-dependent metric evolving by the Kahler-Ricci flow (1.5). 

From (2.6) we also have 

(2.9) Vtt - Ai(nt) = R^p{Vf3a VpVof) + {Vt)aV^ + Vaivt)a- 
From (2.7)~(2.9) it follows 

( 2 . 10 ) 

(l^^l — |'^Q:7l “1“ I'^a^l “1“ “1“ '^/3 '^q:) 

- (I- Vt)aV^ - - Vt)aVc. 


^ |'^a7| 


(|Vn|^ - Vt)aV^ - (|Vn|^ - Vt)aVa. 


Here we have nsed the fact that R^pivpa + v^v^) = Rap’^Pa/u = \R^p\‘^/u > 0. 
From (2.10), we obtain 


( 2 . 11 ) 


At - G > - 2 < VG, Vn > -j 


> — {Atvf - 2 < VG, Vn > -- 
m t 

G^ G 

= - 2<VG, Vn>-. 

tm t 

Applying the maximnm principle argnment to the above ineqnality, it then follows that 
G <m, which completes the proof of the theorem. 

In the case of compact M with first Chern class ci(M) > 0, we can obtain a similar 
resnlt. In this case, consider the normalized Kahler-Ricci flow 

d 

glSafix, t) = -Ro.0{x, t) + g„i(x, t) 


( 2 , 12 ) 
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with the initial metric g{x,0) and its Kahler form lv snch that ci(M) = 7r[a;]. Similar to 
(1.5), (2.12) can also be rednced to a complex Monge-Ampere flow of the form 

(2.13) = log lt(g))(t,’o)) + 

Here again g^p{x, t) = g^p{x, 0) + <f^g{x, t) and - g^g{x, 0) - R^g{x, 0). Fnrthermore, 
it was shown by the first anthor [Cl, C2] that the solntion to (2.13), hence also (2.12), 
exists for all time. 

Set w = —(ft- Then re is a potential fnnction satisfying 


(2.14) 
and 

(2.15) 


t) = Kpix, t) - g^g{x, t) 





w = w. 


Similar to Theorem 1.2, we have 

Theorem 2.1. Let JVL^ be a compact Kahler manifold with ci(M) > 0. Let ip and w be 
defined as above, and assume w > 0. Then we have, for t > 0, 


(2.16) 


VrcP m 

Wt -1- w > w > 0. 

w t 


Proof of Theorem 2.1. Let u = e~^w, then n, is a positive solntion to the heat eqnation 
(1.6) conpled with (2.12). As in the proof of Theorem 1.2, we let v = logn. and define 
G = t (|Vnp — Vt). It follows from similar calcnlations there that 

(2.17) 

(|Vn|2 - Vt) = - g^^) {vpsc + vgVsf) 

- (|Vn|^ - vt)aVa - (|Vn|^ - vt)aVc + |Vn|^ 

^ Xt)ctXoi (l^l’l XtjaVce- 

Here we have nsed the fact that 

+ vgvti) = (R^g - g^p)uf3tilu = \R^^ - g^gf/w > 0 . 


Hence G satisfies the same differential ineqnality (2.11), and we can conclnde the same way 
that G <m. Therefore, the fnnction u — e~^w satisfies the estimate (1.8). Expressing this 
in terms of w, we obtain the desired estimate (2.16) and thns proves Theorem 2.1. 
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§3 The Complete Noncompact Case. 

Now we consider the case when M is a complete noncompact Kahler manifold with 
nonnegative holomorphic bisectional cnrvatnre. Dne to the fact that nniqneness of the 
solntion to the scalar heat eqnation fails to be trne in general on a noncompact manifold, 
one normally needs to impose some kind of growth conditions on the fnnction u as well 
as its first and second order derivatives in order to be able to apply Hamilton’s tensor 
maximnm principle (or its argnment) to the tensor defined in (2.1). However, in onr 
case of proving Theorem 1.1, we shall see that we can get away withont imposing any 
growth assnmptions on u and its derivatives. The key here is that we are working with a 
positive solntion of the heat eqnation, thns we can make nse of the available estimate of 
Li-Yan to obtain the reqnired growth estimates at any positive time. First let ns collect 
some basic facts. 

Lemma 3.1. Letu{x,t) be a positive solution to (1.1). Then we have 

(3-1) - llwa/jf 

and 

(3-2) <0, 


Proof. Both (3.1) and (3.2) can be verified by direct calcnlaitons. Here the nonnegativity of 
the holomorphic bisectional cnrvatnre is needed. For more details, see for example Lemma 
1.1 in [N-Tl] and Lemma 1.5 in [N-T2]. 

We also need to nse the resnlt of Li-Yan on the Harnack ineqnality for positive solntion 
to the heat eqnation. Let o G M be a fixed point, and let u{x,t) be a positive solntion 
of (1.1). Since onr focns here is to obtain a npper bonnd on u for positive time we can 
assnme, withont the lose of generality, that u{x, t) is defined on M x [0, 2]. By the Harnack 
ineqnality in [L-Y] (Theorem 2.2(i), page 168) we have, for 0 < t < 1 

(3.3) u{x, t) < ^u{o, 2) exp{ar^{x)). 

Here a > 0 is a constant and r{x) is the distance fnnction from the point o. In particnlar, 
for t > 5 > 0, there exists a constant 6 > 0 (might depends on 5) snch that 

(3.4) ^(a:, t) < exp(6(r^(a:)-I-1)). 

In fact nsing (3.1) and (3.2) together with the mean valne ineqnality of Li-Tam we can 
pnsh fnrther to obtain the similar control on the gradient and the complex Hessian of u 
for t > 26. In fact, we have the following 
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Lemma 3.2. For t > 26, there exists bi >b > 0 such that 


(3.5) \Vu\‘^{x,t) < exp( 6 i(r^(a:) + 1)) 
and 

(3.6) Wue^pfix, t) < exp{bi{r^{x) + 1)). 


Proof. First we prove that for some 62 > 0, 

pT p 


(3.7) 


exp(— 62 ( 1 ’^(ic) + l))|V'Uf (x) dxdt < 00 


>6 J M 

.2 


To see this, we multiply where (p is a cut-off function, on both sides of the equation 


and then integrate by parts. As in [N-T2] we have 


2 f f (f‘^\Vu\‘^dxdt = 
Jo J M 


< 


< 



IM 


(f^UQ{x)dx -|- 4 


ipu\Vip\ \Vu\dxdt 


' M 


(f^UQ{x)dx + 4 


'0 J M 

pT p 

'0 J M 


\Vi.ppu^dxdt + 



ip^\S/u\‘^dxdt. 


Now (3.7) follows from (3.3). As in the proof of Lemma 1.6 in [N-T2], applying the mean 
value inequality of Li-Tam (Theorem 1.1 of [L-T]) and using (3.1) imply (3.5). Similar 
argument using (3.1) and (3.2) proves (3.6). For more details, see the proof of Lemma 1.6 
in [N-T2]. 

Now we are in the position to prove Theorem 1.1 for the complete noncomapct case. 

Proof of Theorem 1.1 (The noncompact case). We first shift the time by 26. By doing so, 
u{x,t) togeter with its gradient and complex Hessian satisfy (3.3)-(3.5). If we can prove 
the theorem for this case, then we would have (1.2) when replacing t hj t + 26. By letting 
5 —0 we would complete the proof of Theorem 1.1. Therefore, without loss of generality, 
we can assume (3.3)-(3.5) hold. By a similar argument we also can assume n > h in the 
proof. 

As in the proof of Lemma 2.1 in [N-T2], we first construct a f un ction (l){x, t) such that 


^-A 

dt 


and 

t) > Cl exp(26i(r^(a:) -|- 1 )) 
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for some constant Ci > 0. Let be the Hermitian (1,1) tensor defined in (2.1). We 
consider the (1,1) tensor + e(f)g^p, where is the metric tensor. Clearly 

we only need to show that > 0 for any e > 0. We shall prove this by contradiction. 
Snppose it is not trne, then by the growth natnre of (f) and the fact that > 0 at time 
t = 0, we know that there exists a first time to > 0? ami a point xq G M and a nnit vector 
V — ^ T^qM snch that Z^p{xo,to)v°'v^ — 0. Now we choose a normal coordinate 

aronnd xq and extend to be a local nnit vector field near xq by parallel translation along 
the geodesics emanating from xq. It then follows from the direct calcnlation that, at point 

Xq 7 

A = (AZ„^) 

Since Z^^v^v^ > 0 for all (x, t) with t <to and x close to xq, and Z^^v^v^ = 0 at (xq, to) 
we see that at (a:o,to), 

0 > (I - a) . 

On the other hand, nsing (2.5) we also have, at (a:o,to), 

(I -a) = ((I - a) 

t2 

H-+ e(t)\V\^ 

> R^p^-^Z^sv'^vf^ - ]^RcsZspV°‘v^ - ]^R^pZasv'^v<^ + ecl)\V\^ 

> 0 . 

We now have a contradiction. Therefore we have completed the proof Theorem 1.1 in 
case M is noncompact. 

Remark. As we mentioned before, our result does not contain Li-Yau’s gradient estimate 
even though by taking trace we obtain their estimate (1.3) since we need to use the Harnack 
inequality and the mean value inequality of Li-Tam in Lemma 3.2. The proof of both the 
Harnack inequality and Li-Tam’s mean value inequality rely on Li-Yau’s gradient estimate. 
Also we need to assume nonnegativity of the holomorphic bisectional curvature in stead of 
the Ricci curvature. On the other hand our result is about the full Hessian matrix of the 
function and therefore is stronger than Li-Yau’s trace estimate. 

Finally, we consider the matrix gradient estimate for any positive solntion u to the heat 
eqnation (1.6) conpled with the Kahler-Ricci flow (1.5). In this case, (2.2) and (2.3) remain 
the same bnt (2.4) and (2.5) become, respectively, 

d \ \ ^ 


(2.4') 
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and 

(2-5') = --RasN^p - -NasRs$ + -NasNgp - 

1 / Uc,Us\ ( U-sU0\ 

+ - — J — J + R^p^sUjS- 

Notice that under the extra assumption that u{x,t) is plurisubharmonic, the last term is 
nonnegative dehnite. Therefore we can prove a similar result as in Theorem 1.1 for the 
coupled case: 

Theorem 3.1. Let g^p{xR) he complete Kdhler metrics evolving by the Kdhler-Ricci flow 
(1.5) on M^, and u{xfl) be a positive solution to the time-dependent heat equation (1.6). 
Assume that the holomorphic bisectional curvature of g^^{x,t) is nonnegative and u{x,t) 
is plurisubharmonic. Then 

u 

'^ap + UaVp + UpVa + uVaVp + j9ap A 0. 

Proof of Theorem 1.3. Apply Theorem 3.1 to the potential function n,, which is plurisub¬ 
harmonic since its complex Hessian is equal to the Ricci tensor. 

Notice in [N-T3], the authors proved that under some average curvature decay assump¬ 
tion one indeed can obtain the potential function u{x, f) for the Ricci tensor by solving the 
Poincare-Lelong equation and utilizing the volume element. 

Remarks, (i) Taking the trace in Theorem 3.1, we can obtain the gradient estimate for u 
obtained before in [N-Tl]. Notice again that this gradient estimate in [N-Tl] is not entirely 
a corollary of Theorem 3.1 since there they only need to assume that the Ricci curvature 
is nonnegative while in Theorem 3.1 we need to assume that the holomorphic bisectional 
curvature is nonnegative. 

(a) In [N-Tl, N-T2], the authors also studied the question under what conditions the 
plurisubharmonicity ofu{x,t) will be preserved by the heat flow in the time-dependent case. 
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